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Abstract 
An essential aspect of materials modelling in the field of metal plasticity is hardening. The classical 
assumption of isotropic hardening in metal plasticity models is often too simplified to describe actual 
material behaviour. This paper focuses on the non-isotropic hardening termed differential hardening 
that is experimentally observed in many commercially available steel sheet materials. Crystal 
plasticity theory is used to study for a number of single-phase steels the differential hardening effect 
between uniaxial and equibiaxial loading conditions. We consider both the iso-strain assumption in 
polycrystal plasticity (Taylor model), and plasticity modelling with heterogeneous strain distribution 
across the polycrystal (Alamel model). In the latter case, the restriction of stress equilibrium along 
grain boundaries in selected locations throughout the microstructure dictates the nature and degree 
of the strain heterogeneity. In view of the potential wide applicability of the modelling approach, it 
has been chosen to keep the strain hardening law very simple, with only 3 fitting parameters. By 
doing so, differences in critical resolved shear stress (CRSS) between individual slip systems within a 
grain cannot be taken into account. Nevertheless, the results show significant improvement in 
differential hardening prediction by polycrystal plasticity modelling featuring strain heterogeneity 
over the microstructure, in comparison to results obtained with an iso-strain assumption. The 
accuracy improvement originates from the loading-dependent response in strain heterogeneity for 
textured steel materials. Texture evolution contributes additionally to the differential hardening 
effect. Steels with higher textural strength are predicted to show more differential hardening, in 
accordance to experiment. 
Keywords: yield condition, constitutive behaviour, crystal plasticity, polycrystalline material, strain 
heterogeneity 
  
1. Introduction 
The introduction first puts differential hardening in the general perspective of anisotropic behaviour. 
Next, the differential hardening phenomenon is described, in particular the deviation from isotropic 
hardening that is commonly found for steel grades at the start of deformation and at medium levels 
of deformation. Finally an overview is given of polycrystal plasticity modelling, as this approach will 
be followed to study the physical background of the differential hardening phenomenon.  
1.1. Modelling anisotropic constitutive behaviour 
The concept of isotropic hardening is widely used in numerical simulations of sheet metal forming 
processes despite the fact that even for proportional loading conditions it can only be an 
approximation of the actual material behaviour. Hill and Hutchinson (1992) stated that the texture 
development with plastic deformation causes significant changes in the successive shapes of yield 
loci and the material response is therefore not isotropic. This phenomenon was named differential 
hardening because the deviation from isotropic hardening could also be represented by a presumed 
dependence on the stress ratio σ1/σ2 of the strain hardening exponent in a power-law description of 
the stress-strain characteristic for a constant value of σ1/σ2, i.e. for proportional plane stress loading. 
The statement on successive yield loci was modified in Hill et al. (1994) to successive contours of 
equal plastic work. 
The modelling approach of differential hardening by Hill builds on isotropic hardening models, in 
particular on a yield function and a function for the flow stress. The concept of a plastic potential for 
the yield criterion is introduced by von Mises (1928) and elegantly used by Hill (1948), who derived 
one of the most commonly known anisotropic yield criteria. The points in stress space that satisfy the 
yield criterion form a so called yield locus. In isotropic hardening the size of the locus in stress space 
is determined by the flow stress. The size of the locus grows with plastic work increments. Hill’s yield 
criterion is brilliant in its definition but unfortunately limited in capturing anisotropic behaviour. Yield 
criteria that are flexible enough to capture all initial anisotropic material properties in sheet metal 
forming are for instance developed by Vegter (Vegter et al., 1995; Vegter and Van den Boogaard, 
2006), by Banabic (Banabic et al., 2005), by Barlat (Barlat et al., 2003; Barlat et al., 2005) and by 
Cazacu (Cazacu and Barlat, 2004, Cazacu et al., 2006). 
Yield stresses in tension and compression are usually identical, except for metals with a HCP crystal 
structure that demonstrate the so-called strength differential effect. Vegter’s yield criterion does not 
impose an identical behaviour in tension and compression and is able to capture this phenomenon. 
Plunkett et al. (2008) have shown that Barlat’s approach with linear transformations can also be 
applied to yield criteria that capture the strength differential effect, thereby creating the same 
flexibility in modelling anisotropic behaviour. When high accuracy is required in sheet metal forming 
simulations the full stress tensor needs to be considered, which includes components in the through-
thickness direction. Barlat’s Yld2004 yield criterion (Barlat et al., 2005) is defined for a three 
dimensional stress tensor. Vegter’s yield criterion is defined for plane stress conditions. Van Riel and 
Van den Boogaard (2007) provided a framework for a generalization to three dimensional stress 
tensors in sheet metal forming. 
A phenomenon that is not captured by the isotropic hardening model is the Bauschinger effect. It 
refers to a material property found in most polycrystalline metals. When a material is deformed, 
unloaded and loaded in the reverse direction, typically tension followed by compression, the tensile 
yield strength increases but the compressive yield strength is reduced. In isotropic hardening the 
compressive yield strength increases with an increased tensile yield strength. Prager (1949) 
introduced the linear kinematic rule where the yield locus is translated by the kinematic stress tensor 
or back stress tensor. Classical texts on the development of the back stress in cyclic loading are a.o. 
by Armstrong and Frederick (1966) and by Chaboche (1986). In the kinematic hardening model the 
size of the yield locus is unchanged. Mixed hardening models have been proposed that combine the 
isotropic and kinematic hardening concepts, e.g. as described in Yoshida and Uemori (2002), Wu 
(2002) and Chung et al. (2005). 
Cyclic loading could be seen as a specific case of a strain path change and the Bauschinger effect as a 
specific phenomenon associated with strain path reversal. In general an initial deformation will not 
only influence the size and the position of the yield locus but also its shape. This modelling concept is 
called distortional hardening (Kurtyka and Życzkowski, 1996). It is the topic of quite a lot of recent 
research, a.o. by Barlat et al. (2011, 2013), Feigenbaum et al. (2012) and Freund et al. (2012). The 
common shape change of the yield locus with deformation is towards a sharper radius in the 
direction of loading and flattening in the opposite direction. 
The commonality between the current concepts of isotropic, kinematic and mixed hardening is the 
relationship between anisotropic behaviour and flow stress in the description of yielding in 
continuum mechanics, given by the yield criterion: 
 −  = 	
 , 
,  (1) 
where the yield function  is a positive, homogeneous function of degree one and  is the stress 
tensor in an elasto-plastic state. The back stress tensor  controls the yield surface translation (zero 
in case of isotropic hardening), and the flow stress (yield stress)  determines the yield locus size. 
The scalar that results from evaluation of the yield function  is called the equivalent stress (effective 
stress) . Whereas plastic yielding occurs if  = , a purely elastic stress state satisfies the 
inequality  < . The flow stress  is a function of the equivalent plastic strain 
, the strain rate 
 and temperature . The flow stress  is work-conjugate to the equivalent plastic strain 
. Once a 
choice has been made for the definition of the equivalent plastic strain, the hardening 	
 can be 
derived from the dissipated plastic work measured in a reference test (usually uniaxial tensile test). 
A possible interpretation of the yield criterion (1) is that the flow stress Y is associated with 
hardening as a result of dislocation multiplication influencing critical resolved shear stresses on the 
slip systems, including dynamic contributions, and the yield function  captures all anisotropic 
properties due to texture (and possibly texture development). Both the flow stress and the yield 
function can be extended with internal state variables to capture the stress and/or strain history. 
Yield functions with internal state variables are typically found in distortional hardening models. In 
principle, distortional hardening models are able to model different hardening curves in 
proportional, monotonic loading conditions. However, in the state-of-the art distortional hardening 
models (e.g. Barlat et al. (2013), Feigenbaum et al. (2012), Freund et al. (2012)), the evolution 
equations for the yield function, based on the internal state variables, have primarily been developed 
for strain path changes, not for differential hardening as defined in the next section. 
1.2. Differential hardening in steels 
Differential hardening is defined after Hill and Hutchinson (1992) as the phenomenon that the stress-
strain behaviour of a metal in case of proportional, monotonic loading conditions cannot be 
described by a single hardening curve based on the dissipated plastic work, but rather depends on 
the loading condition. This phenomenon was recently observed by Mulder and Vegter (2010) for a 
B220H bake hardening steel as well as a DP600 dual phase steel grade. 
Figure 1: Differential hardening in B220H bake hardening steel, after Mulder and Vegter, 2010. 
Experimental data is given in full lines; the dotted line shows a theoretic example of ND-uniaxial 
compression behaviour under assumption of isotropic hardening (using the experimental data of RD-
uniaxial tension as a reference). (a) Stress-strain curves. (b) Stress factor  
In Figure 1.a the true stress – plastic strain curves are shown for the bake hardening steel under two 
loading conditions: uniaxial tension as determined in a tensile test and in-plane equibiaxial tension 
determined by a stack compression test along the normal direction. The uniaxial tensile test along RD 
usually serves as a reference, i.e. the corresponding stress-strain curve is used to specify the 
development of the flow stress Y. 
In the following discussion all measures of strain refer to the plastic part of deformation (unless 
explicitly stated otherwise). Stress – strain curves for different loading conditions can be compared 
based on the dissipated plastic work: 
 = 
 = 
   (2) 
For a stack compression test, the right-hand side of (2) simplifies to 
, with  the normal 
compressive stress and 
  the normal compressive strain.  
Consider a particular value of equivalent strain 
∗  and the corresponding value of plastic work ∗ 
(i.e. the dissipated work in the reference test at strain 
∗ ). The equi-work stress factor  for the 
stack compression test is then defined as: 
 = |∗ !∗  (3) 
 
It follows from (2) that the corresponding strain increment 
  must be a factor 1 ⁄  times the 
equivalent strain increment from the reference stress-strain curve 
. If a metal behaves as 
modelled in the isotropic hardening case (i.e. equation (1) applies with back stress  = $), this 
incremental stress factor  must be constant throughout the deformation. According to (3)  is a 
function of plastic work. This can be converted through (2) into the equivalent strain for the 
reference test, which is more readily recognized as a level of deformation. Figure 1.b shows  against 
the equivalent strain. For the reference (uniaxial) stress  is of course equal to one throughout 
deformation. A remarkable observation that can be made from Figure 1.b is that the stress factor  
for the equibiaxial stress state shows a strong development in the first 5% of equivalent strain. It is 
peculiar because the common referenced cause for differential hardening (e.g. Hill and Hutchinson, 
1992) is texture development and it is therefore expected that  is fairly constant at the start of 
deformation and gradually deviates at higher strains. Possible explanations for this behaviour are 
• The predeformation due to temper rolling and stretching-levelling. 
These operations are common to sheet metal production and are meant to improve 
mechanical properties, surface roughness and shape. (Peeters et al., 2001) have shown that 
strain path change effects can be explained from the concept of cell block boundaries formed 
in the predeformation. It is unlikely that a strong dislocation substructure with significant cell 
block boundaries that influence hardening for the next 5% is formed in the approximately 1% 
predeformation associated with temper rolling. It is therefore considered a less likely 
contribution to an explanation; 
• Microplastic behaviour in the pre-yield regime. 
Van Liempt and Sietsma (2014) explain the presence of microplastic behaviour as a 
consequence of stress gradients near grain boundaries due to anisotropic elasticity at the 
grain level. It is yet unclear whether this mechanism can have an impact beyond yielding, 
when dislocation multiplication occurs; 
• Texture development and slip partitioning. 
Texture development itself is a gradual process and it is generally accepted as the root cause 
for differential hardening when gradual changes at high deformation are observed. It is 
unlikely that texture development is the only explanation for the observed behaviour. Being 
dependent on the orientation, the partitioning of the local strain via slip over the different 
slip systems will generally evolve as a consequence of texture evolution; 
• Development of strain heterogeneity. 
Individual grains will have a strain dependence on texture, microstructure and load case, 
which need not be identical to the macro strain. It is also known that intra-granular strain 
heterogeneities exist. These strain heterogeneities contribute to the anisotropic behaviour. If 
the strain heterogeneity changes with deformation it may contribute to differential 
hardening; 
• Development of the critical resolved shear stress. 
Hardening is known to depend on the number of dislocations. The number of dislocations is 
driven by micro strain and available slip systems, in other words grain (orientation) 
dependent. The critical resolved shear stress may therefore develop differently for each 
grain and contribute to developments in strain heterogeneity. 
The statistical crystal plasticity model that is described in this paper is capable of modelling the last 
three mentioned possible causes for differential hardening. Simulations will give an indication of 
their individual contribution to the observed phenomenon. 
1.3. Crystal plasticity modelling 
Crystal plasticity models approximate the physical processes that govern plasticity at the smaller 
length scales, such as dislocation slip, twinning, phase transformations, etc. We currently limit our 
focus to plasticity by dislocation slip without any thermally-activated processes such as dislocation 
climb. For polycrystalline material, crystal plasticity models typically consider a representation or 
abstraction of the microstructure, including crystallographic texture, as well as the specific 
orientation and nature of the slip systems within the constituting grains. Crystal plasticity models can 
be classified in full-field and statistical models. 
Full-field crystal plasticity models make use of a Representative Volume Element (RVE) of the 
microstructure, which is sufficiently large so that the average response of the RVE to a particular 
loading would correspond to that of the material at the macroscopic level. On the local scale, the full-
field method allows to resolve the heterogeneity of stress and strain within particular grains and 
across the grains. Different numerical methods have been used to solve the non-linear plasticity 
problem of the RVE, firstly the crystal plasticity-finite element method (CP-FEM) and more recently, 
the crystal plasticity-Fast Fourier method (CP-FFT). Advanced CP-FEM models, e.g. (Ma et al., 2006a, 
b; Roters et al., 2010), consider hundreds to thousands of elements per grain. While this clearly is a 
valuable tool for numerical analysis of crystal plasticity, the major downside is the large calculation 
time, even with state-of-the-art computing power, inhibiting practical engineering applications. This 
shortcoming has driven the development of the generally faster CP-FFT, see the review article of 
(Lebensohn et al., 2011). Yet computational costs remain several orders of magnitude larger than the 
class of statistical models. 
Compared to full-field models, statistical crystal plasticity models make further abstraction of the 
microstructure, while attempting to capture the most significant effects of microstructure on the 
macroscopic behaviour. This generally allows them to be considerably faster than full-field methods. 
Advanced statistical models are seen to be accurate enough for application in engineering models of 
metal forming processes in which plastic anisotropy and texture evolution may be relevant factors 
(Van Houtte et al., 2011). 
Statistical crystal plasticity models build upon the knowledge (usually acquired from measurement) 
of the statistical distribution of crystallographic orientations of the material under consideration. A 
limited but statistically representative set of crystals can be derived from the Orientation Distribution 
Function (ODF) (Bunge, 1982), which itself can be derived from measured pole figures of lattice 
orientations. The classical statistical model is the one of Taylor-Bishop-Hill (TBH, also called Taylor 
model) (Bishop and Hill, 1951a, b; Taylor, 1938). The number of publications on the TBH model is 
huge; we limit ourselves here to (Kocks, 1998). The TBH theory can be solved through linear 
programming (Van Houtte, 1988) or by the visco-plastic method (Asaro and Needleman, 1985). The 
basic TBH model assumes a homogeneous deformation of all crystals that constitute the polycrystal. 
In other words, the ‘neighbourhood’ (i.e. zone of mutual influence within the microstructure) is 
limited to an individual crystal. As a consequence, stress equilibrium along the boundaries of 
neighbouring grains is generally not satisfied at all. It is nowadays understood that this limitation is 
the main reason why deformation textures produced by classical TBH theory do only qualitatively 
agree with experimental deformation textures. A wide range of more modern statistical crystal 
plasticity models have been proposed which attempt to relieve this limitation, often improving 
quantitative deformation texture prediction. These can be roughly subdivided into long-range and 
short-range interaction-type statistical models, although this classification is not strict since also 
mixed models have been formulated, e.g. (Lee et al., 2002) and (Xie et al., 2014). 
Long-range interaction models are more commonly known as Visco-Plastic Self-Consistent (VPSC) 
models, cf. (Lebensohn and Tomé, 1993). They consider an inclusion (typically a grain) surrounded by 
a 'homogeneous medium' that represents the polycrystal. Stress equilibrium along the modelled 
interface is satisfied. Many variants have been proposed, some of which are quite complex. Yet they 
all incorporate the long-range interaction that any individual grain experiences with its 
polycrystalline surrounding.  
Grain interaction models on the other hand look at the short-range interaction between individual 
neighbouring grains and formulate certain relaxations on the strict assumption of TBH (requiring 
homogeneous deformation), thereby improving the stress equilibrium condition along grain 
boundaries. An example is the Alamel model (Van Houtte et al., 2005), which considers as basic 
neighbourhood a bicrystal, i.e. a grain-boundary and the two crystals at either side. This crystal 
plasticity model will be adopted in the present work, and its exact formulation will be detailed 
further on. The Alamel model has been extensively validated by deformation texture predictions for 
steel (Van Houtte et al., 2011; Van Houtte et al., 2005) and aluminium alloys (Delannay et al., 2009) 
(the latter study making use of an elastic-viscoplastic extension of Alamel). The deformation texture 
predictions with Alamel are seen to be of comparable quality compared to the much more 
calculation-intensive CPFEM model approach. More recently, the Alamel model has also been shown 
to produce a more realistic initial yield locus compared to Taylor (Eyckens et al., 2011). The grain-
interaction model of (Evers et al., 2002) includes the grain interiors (grain cores) in addition to 
bicrystals representing grain-boundary-affected zones. Plasticity within a bicrystal volume element is 
affected by the neighbouring grain through the imposed grain boundary stress equilibrium, but not 
within the grain core. The intra-grain crystal lattice incompatibility that is induced in this modelling 
approach generates Geometrically Necessary Dislocations (GNDs), which contribute to the strength. 
Assuming a fixed grain core volume fraction, the lattice incompatibility becomes more stringent as 
grain size decreases, which leads to a Hall-Petch-type relation, as illustrated by the authors for 
copper. 
Other grain-interaction models construct a neighbourhood of more than 2 grains, such as the GIA 
model (Engler et al., 2005) and related RGC model (Tjahjanto et al., 2010), which feature sets of 8 
hexahedral grains with 12 internal boundaries. In (Mahesh, 2010) a ‘binary tree’ model is proposed 
as a generalization of Alamel. Each node of the binary tree of certain order i represents an aggregate 
of 2i grains, the highest order being the modelled idealization of the entire polycrystal. Pairs of 2 
nodes of the same order i that form two neighbouring aggregates of crystals within the 
microstructure, together form a node of order i+1. Aggregates of order 1 are thus neighbouring 
grains, and they interact with each other, yet without fully complying with strain compatibility and 
stress equilibrium, as is done in the Alamel model. Their interaction effects are nonetheless 
integrated in the higher-order nodes. Compared to Alamel, this model captures a more flexible 
heterogeneity of deformation across the polycrystal. The model is applied to various macroscopic 
loading conditions, yet its capability to predict differential hardening cannot readily be assessed from 
(Mahesh, 2010), as different sets of hardening parameters are assigned for different loading 
conditions. Another extension of Alamel towards a larger interacting neighbourhood is the stack 
model (Arul Kumar et al., 2011), replacing the 2-grain stack of Alamel by an N-grain stack with 
parallel interfaces. It is a promising approach to represent ‘banded’ microstructures (shear bands, 
twinning bands, flattened grains, etc.) without excessive calculation requirements in comparison to 
the Taylor model. 
2. Theory 
This section revisits the polycrystalline plasticity models that will be used for differential hardening 
prediction further on. In the first paragraph, the single crystal plasticity model is elaborated. Both the 
Taylor and Alamel homogenization assumptions are discussed next. They are enriched with a 
macroscopic flow stress formulation, or alternatively with an evolution equation for the Critical 
Resolved Shear Stress (CRSS) in the individual constituting grains (termed microscopic hardening).   
Each combination of homogenization and hardening models will lead to a yield criterion such as (1). 
For sake of simplicity, strain-rate sensitivity and temperature-dependent behaviour will be neglected 
in the analysis. In addition, the development of back stress will not be considered, given that the 
application of differential hardening excludes the occurrence of Bauschinger effect. The yield 
criterion that is to be obtained, is thus of the form: 
, % = 	
 , % (4) 
In this equation % represents the internal state variables of the crystal plasticity model. Note that all 
strains are plastic unless stated otherwise. 
2.1. Crystal plasticity model 
Suppose a crystal or grain is subjected to an instantaneous deformation, described in general by the 
local velocity gradient &. This velocity gradient, imposed onto the crystal, is composed of a symmetric 
part, i.e. the local strain rate ', and an anti-symmetric part, called the local spin (. Any non-zero 
local strain rate ' ≠ $ needs to be realized through plastic deformation, which is carried by 
dislocation slip on a number of slip systems.  
Dislocation slip on a slip system * is described by a simple shear on the slip plane with unit normal 
vector +,-. Let ./ - be the normalized burgers vector, which defines the shear direction. The velocity 
gradient tensor that describes a unit of slip of * is given by the tensorial product ./ -⨂+,-. The 
Schmid tensor 12 is defined as: 
12 = 	./ -⨂+,- + +,-⨂./ - 2⁄  (5) 
The amount of slip per unit time is given by the shear rate (‘slip rate’) 5 2. The simultaneous slipping 
of a number of slip systems realizes the strain rate inside the grain ': 
' =6 122 5 2 (6) 
The slip systems for which 5 2 ≠ 0 are called the active slip systems. For ferritic (BCC) steels, 24 slip 
systems are assumed to be potentially active: 12 {110}<111> and 12 {112}<111> slip systems. The 
imposed strain rate tensor has however only 5 independent components, considering it is symmetric 
and traceless (due to plastic incompressibility). For such a large number of slip systems in comparison 
to the independent components of ', an infinite number of solutions for all 5 2 in (6) exist. An 
additional assumption is required to restrict the number of possible solutions. Taylor proposed to 
retain the solution(s) with minimal dissipation of plastic work (Taylor, 1938). This energetic criterion 
will be formulated mathematically further on in section 2.2, as it is different between the adopted 
homogenization schemes (FC Taylor or Alamel). In each scheme however, it involves the rate of 
plastic work in the crystal per unit volume, also called plastic power 8, which is in general given by: 
8 =6 9:22 !5 2! (7) 
Here, the critical resolved shear stress (CRSS) of a slip system 9:2 is the scalar measure of stress that 
is work-conjugate to the respective slip rate 5 2. In principal, 9:2 may be different for the two 
considered slip system families due to the different atomic configuration in {110} and {112} planes, 
and may also be different between forward and negative slip on {112} slip planes (stress differential 
effect). Moreover, the development of an anisotropic cell substructure with ongoing plastic 
deformation will generally lead to different values of CRSS between the individual slip systems, and 
also between the two slip directions for a particular slip system (development of back stress). In this 
paper however, all these differences are neglected and it is assumed that, at least inside each grain, 
the CRSS is the same for all slip systems; it is noted as 9:. Hence (7) reduces to 
8 = 9:6 !5 2!2 = 9:;  (8) 
in which ;  is the total slip rate inside the grain.  
Suppose the active slip systems and their slip rates are known by solving (6) together with the 
energetic criterion. According to (6), geometric compatibility in terms of the local strain rate is 
accomplished. In order to satisfy the local geometric compatibility completely, i.e. in terms of the 
local velocity gradient, also the local spin ( needs to be considered. In general, a rate of rotation of 
the crystal lattice of the grain (called the crystal lattice spin (<) is required to realize the imposed (: 
( = (< +6 	./ -⨂+,- − +,-⨂./ -2 5 22  
(9) 
The second term on the right-hand side is called the plastic spin. It is the anti-symmetric part of the 
velocity gradient realized by slip. Note that unlike (<, the plastic spin does not cause lattice rotation. 
Equation (9) forms the basis to calculate (< after the slips have been calculated, resulting in a grain 
lattice rotation after a finite deformation.  
2.2. From crystal to polycrystal: homogenization assumptions 
Consider now the deformation of a polycrystalline aggregate, consisting of a statistically significant 
number of grains (a few thousand) derived from the (measured) Orientation Distribution Function 
=:>, in which the superscript c refers to the crystallographic texture. A macroscopic velocity 
gradient	< is imposed onto the polycrystal. This velocity gradient tensor, which is ‘imposed on the 
polycrystal’, comprises in general a symmetric part (@) and anti-symmetric part (A), so that 
< = @ +A. Different homogenization assumptions may be made that relate these quantities to the 
respective local (grain) quantities. In the following, we focus only on the symmetric part @. The anti-
symmetric part A is paramount in the calculation of the deformation texture of the polycrystal. As 
this topic falls out of the scope of the present paper, the interested reader is referred to (Van Houtte, 
1988; Van Houtte et al., 2005).  
The energetic criterion for the polycrystalline material postulates a minimal plastic power over the 
whole polycrystal: 
BC → EFG. (10) 
Note that, according to the equivalence of Taylor and Bishop-Hill theorems, the minimal internal 
plastic dissipation in the polycrystal relates to the macroscopic stress  and macroscopic strain rate 
@ according to: 
BC = :@ (11) 
 
In terms of the local deformation inside the constituting grains, the formulation of the energetic 
criterion will depend on the homogenization scheme, as elaborated next. 
2.2.1. Taylor model 
The Taylor model (Taylor, 1938) neglects any strain partitioning over the polycrystal, i.e. the local 
velocity gradient equals the macroscopic one, so also 
' = @ (12) 
Given that the left-hand side of (6) is fully prescribed through (12), it is sufficient to require the 
energetic criterion (10) for each of the constituting crystals separately. Using (8), the energetic 
criterion becomes for a particular grain: 
8 = 9:; → EFG. (13) 
As 9:  can be regarded as a state variable of the whole grain, it is in fact sufficient to minimize ; = 8 9:⁄ . Furthermore, it is for numerical reasons preferred to minimize a dimensionless quantity. 
By convention, the von Mises equivalent strain rate of the polycrystal JKL = M2 3⁄ 	‖@‖ is used for 
this purpose. The dimensionless Taylor factor E of the grain is thus defined and introduced in the 
solution of the energetic minimization problem: 
E ≝ ;JKL →EFG. 
(14) 
The minimization problem of (14) with the linear constraints of (6) and (12) can be efficiently solved 
using linear programming (Van Houtte, 1988). 
The value of the obtained Taylor factor E of the grain corresponding to the solution, depends on the 
instantaneous orientation of the grain  > and on the applied strain rate mode Q ≝ @ ‖@‖⁄ =
M2 3⁄ @ JKL⁄ . This is noted in short as EQ, >. It can be remarked that the Taylor factor E does not 
depend on the magnitude of the applied strain rate, which is a consequence of the assumed strain-
rate insensitivity.  
Consequently, the volume-average Taylor factor (usually called ‘average Taylor factor’) ER  is a 
function of both Q and the (instantaneous) crystallographic texture of the polycrystal =:>: 
ER = ER	Q, =:> (15) 
2.2.2. Alamel model 
The Alamel model (Van Houtte et al., 2005) considers a neighbourhood of two grains (orientations 
>1 and >2) with an associated planar grain boundary with orientation >S. The polycrystal constitutes 
a large number (a few thousands) of such clusters, with initial grain orientations assigned from the 
crystallographic texture in the form of a known Orientation Distribution Function (ODF) =:>, and 
initial grain boundary orientations assigned from the Grain Boundary Orientation Distribution 
Function =T>S; the superscript m in this notation stands for the morphologic texture. 
On top of the macroscopic deformation @, simple shearing along the grain boundary is allowed in the 
local strain description. This “deformation relaxation” (in comparison to Taylor) is equal in magnitude 
in both grains but opposite in sign. The local strain rates are mathematically expressed as: 
'UV = @ + 	1W V5XYZ[ +1W \5XYZ] 'U\ = @ − 	1W V5XYZ[ +1W \5XYZ] 
(16) 
Here, 1W V and 1W \ are pseudo-Schmid tensors for the simple shear deformation along the grain 
boundary plane in two perpendicular directions, while 5XYZ[ and 5XYZ] are the corresponding slip 
rates (also called relaxation rates).  
It can be seen in (16) that the average of the local deformations equals the macroscopic deformation 
@. Because of this coupling between 'UV and 'U\, the expression of the energetic criterion (10) in 
terms of local deformations is to be done for the cluster as a whole, i.e.: 
8^[ + 8^] = 9:^ [;^[ + 9:^ ];^] → EFG. (17) 
Note that the CRSS in both grains are not necessarily equal to each other (cf. section 2.3.2). 
The energetic minimization problem is in practice formulated as a weighted sum of the Taylor factors 
of both grains: 
9:^ [E^[ + 9:^ ]E^] → EFG. (18) 
The minimization problem (18) with the linear constraints of (6) and (16) can also be solved through 
linear programming (Van Houtte et al., 2005), the two relaxation rates in (16) being formally treated 
as two additional slip systems without any associated slip resistance (zero CRSS) (Van Houtte et al., 
2005). 
In the Alamel model, the obtained Taylor factor E of any grain depends on the orientation of both 
grains in the cluster, and additionally on the grain boundary orientation, i.e. EQ, >1, >2, >_S. The 
average Taylor factor ER  of the polycrystal is thus a function of: 
ER = ER	Q, =:>, =T>_S (19) 
 
A measure of average strain heterogeneity across the polycrystal ` can be generally defined as: 
` = ‖' − @‖CCCCCCCCCCC‖@‖  
(20) 
By using (16) , and considering that aMW a = 1 √2⁄  and that the pseudo-Schmid tensors are by 
definition orthogonal to each other (1W V:1W \ = 0), ` equals for the Alamel model 
` = M5XYZ[] + 5XYZ]]
CCCCCCCCCCCCCCCCCCCCCCCCCCCC
√2‖@‖  
(21) 
 
2.3. Strain hardening 
 
In the crystal plasticity framework, the most natural definition of a work-conjugate equivalent stress 
and equivalent strain is based on the rate of plastic work as given by (8) for an individual grain.  
An obvious choice for the equivalent strain of the polycrystal, is the volume-average accumulated slip 
;C: 

 = ;C (22) 
in which the accumulated slip within a grain ; is obtained through time integration of the grain slip 
rate ; : 
; = d;e (23) 
 
Differences in CRSS between the constituting grains can be either neglected, or else explicitly 
included in the strain hardening definition. The former choice, which corresponds with a prescribed 
evolution equation of the (macroscopic) flow stress 	
, is termed macroscopic strain hardening, 
and is elaborated next. Another choice would be to prescribe the CRSS on the level of the individual 
grain, which will be denoted by microscopic strain hardening (cf. section 2.3.2). The macro- and 
micro- strain hardening assumptions lead to different flow stresses that are work-conjugate to the 
equivalent strain (22). 
 
2.3.1. Macroscopic definition of strain hardening 
 
Consider a polycrystal for which it is assumed that the CRSS (noted as 9:) is identical for each 
constituting grain at any given time. From (8), the volume-average rate of plastic work per unit 
volume is then given by:  
BC = 9:;C (24) 
Equation (24) states in fact that 9:  is an equivalent stress that is work-conjugate to the equivalent 
strain of (22). Using the superscript ‘M’ referring to the macroscopic strain definition, it is noted as: 
f = 9:  (25) 
 
From (24)-(25) and the definition of the Taylor factor of a grain in (14), it follows that 
BC = fERJKL (26) 
 
The flow stress f is a function of the average (accumulated) slip across the polycrystal ;C. In this 
paper, the Swift hardening law is adopted: 
f;C = g h1 + ;C;Cgi
j
	 (27) 
with g, ;Cg and k the 3 macroscopic Swift hardening parameters: g is the initial value of the flow 
stress (yield stress), ;Cg the initial average slip, and k the strain hardening coefficient of the 
macroscopic Swift law. 
Combining (11) with (26), the following relation between the macroscopic stress tensor  and the 
flow stress is obtained: 
:Q = M2 3⁄ 	ER	f (28) 
Equation (28) states that the macroscopic stress is the result of (i) a strain hardening contribution 
f;C and (ii) a contribution from the material state, which is expressed by ERQ, %. The material 
state % is essentially the crystallographic texture for the Taylor model – cf. (15), while it contains in 
addition the morphological texture for the Alamel model – cf. (19). So-called textural hardening is 
captured by the dependency of ER  on the instantaneous texture =>, which evolves during 
deformation through crystal lattice rotation of the grains constituting the polycrystal. 
Comparing (28) to (4) the yield function of the polycrystal plasticity model can be identified as: 
, % = M3 2⁄ :Q	ERQ, %	 
(29) 
Indeed, the right-hand side of (28) is a positive homogeneous function of degree one in . 
 
2.3.2. Microscopic definition of strain hardening 
 
A microscopic strain hardening relation postulates the evolution of the CRSS inside a grain (9:) as a 
function of the accumulated slip of that grain (;). Similarly to (27), we adopt a Swift-type hardening 
equation: 
9:; = 9:g l1 + ;;gm
n		 (30) 
in which 9:g, ;g and G are the 3 microscopic Swift hardening parameters: 9:g is the initial value of the 
CRSS, ;g the initial slip, and G the strain hardening coefficient of the microscopic Swift law. 
Given that the slip rate and the accumulated slip are generally different for grains with different 
crystal orientations, 9:  is no longer unique for the polycrystal at a particular deformation stage 
(except for the undeformed stage since 9:; = 0 = 9:g for all grains). The volume-average rate of 
plastic work is therefore given by: 
BC = 9:;CCCCC (31) 
Note that the flow stress of the polycrystal for the microscopic hardening assumption, denoted o, is 
not prescribed (unlike f; cf. (27)). Being formally defined in BC ≝ o;C, it can however be readily 
calculated by the multi-scale model using (31): 
o = 9:;CCCCC ;C⁄  (32) 
The flow stress of the microstructural hardening approach o is dependent on the state of material, 
in particular on the CRSS 9:  in all the constituting grains > of the polycrystal : o p
 , 9:>q.  
2.4. Resulting yield criteria 
The form of the yield criterion resulting from the polycrystalline plasticity modelling (4) depends on 
two distinct choices in modelling. 
Firstly, it has to be chosen whether the yield locus  is prescribed to be a function of the current 
material state % or not. If texture evolution is neglected, the initial texture fully determines the yield 
locus: . If texture evolution is on the other hand considered in the model, the resulting yield 
locus changes shape with deformation due to evolution of the texture =: , =. The instantaneous 
texture = (a state variable) comprises the crystallographic texture =: for Taylor, and additionally the 
morphological texture =T for Alamel. 
Secondly, the flow stress  may either be directly prescribed directly as a function of equivalent 
strain (macroscopic hardening: Lr	
, or alternatively it follows in the microscopic hardening 
approach from a prescribed evolution of CRSS: o	
 , 9:. Here, 9: , the instantaneous values of 
CRSS for all constituting grains is also a state variable as it depends on the deformation history. 
To summarize, the following forms of yield criteria are possible in the current framework:  
•  = f	
 : 
     A purely isotropic hardening model (no texture evolution) 
• , = = f	
 : 
     A macroscopic hardening model combined with distortional hardening due to texture 
evolution 
•  = o	
 , 9: : 
     A microscopic hardening model without texture evolution 
• , = = o	
 , 9: : 
     A microscopic hardening model with distortional hardening due to texture evolution 
 
 
3. Results 
3.1. Experimental observations 
3.1.1. Material description 
Differential hardening is usually ignored in numerical simulations because it is assumed to be 
relevant only at high strains. The observations by Mulder and Vegter (2010) for a B220H bake 
hardening steel as well as a DP600 dual phase steel grade however show a significant shift in stress 
factor between uniaxial and equibiaxial loading conditions within the first 5% of deformation. To 
reduce the possible metallurgical explanations as much as possible, three single-phase, low carbon 
steel grades were selected, as shown in Table 1: two interstitial-free steel grades (one batch 
annealed and one continuously annealed, rephosphorized grade), as well as one continuously 
annealed high strength, low alloy grade. 
 
IF-1 IF-2 HSLA 
type 
batch annealed 
interstitial-free 
rephosphorized 
interstitial-free 
High Strength 
Low Alloy 
grade DC06 H220YD H340LAD 
t [mm] 0.7 1.0 1.0 
σY(0.2%) [MPa] 139 233 358 (lower); 
360 (higher) 
r [/] 1.85 1.41 0.92 
Table 1: Properties of the investigated steel sheets; t is nominal sheet thickness, σY(0.2%) the 0.2% non-
proportionality limit of tensile test along 0° to rolling direction RD, and r the Lankford coefficient of 
tensile test along 0° to RD. 
The crystallographic textures were obtained by four incomplete XRD pole figure measurements 
({110}, {200}, {112} and {103}). IF-1 and IF-2 were measured at 50%, 25% and at 0% of sheet 
thickness. The texture gradient across thickness was seen to be very weak. HSLA was only measured 
at 50% of thickness. Figure 2 shows the resulting Orientation Distribution Functions (ODF) (average 
from the measurements over sheet thickness for IF-1 and IF-2). Also given is the textural strength of 
the ODF, as provided by the Texture Index (T.I.) (Bunge, 1982). IF-1 and IF-2 can be seen to have 
comparable textural strength and qualitatively comparable texture, comprising of a sharp γ–fibre and 
partial α–fibre. Still, some differences can be observed, notably that IF-2 has a somewhat stronger 
partial α–fibre, including the rotated Cube texture component. HSLA also shows a γ– and α–fibre 
texture, but the overall texture is much weaker compared to IF-1 and IF-2, which is reflected by the 
relatively small T.I. of 2.1. 
All 3 materials in this study possess initially a grain shape that is near-equiaxed. A random Grain 
Boundary Orientation Distribution Function =T, reflecting an equiaxed initial grain shape, is assumed 
in all the Alamel calculations. 
 
 
Figure 2: φ2=45°-ODF sections (horizontal axis: φ1-angle in range 0°-90° from left to right; vertical axis: 
Φ-angle in range 0°-90° from top to bottom) and Texture Index (T.I.). 
 
3.1.2. Differential hardening 
For a proper physical understanding of differential hardening at the start of deformation it is 
important to start from a yield stress that is the true onset of plastic deformation. The 0.2% non-
proportional extension for the proof strength is in this respect an arbitrary definition without a 
physical basis. Van Liempt and Sietsma (2014) have shown that a clearly identifiable initial yield point 
g can be observed in a graph of the hardening rate as a function of the flow stress, which provides a 
well-defined and physically based yield criterion. Figure 3 shows a graph of the hardening rate 
Θ = 	 
⁄  versus the flow stress σ for the average of three uniaxial tensile tests for IF-1. 
 
Figure 3: Kocks-Mecking plot for IF-1 (solid line; average of three uniaxial tensile tests). Young’s 
modulus t and the initial flow stress g (derived from this plot) are indicated. 
The jump in hardening rate at a flow stress of 150-155 MPa is due to a strain rate change in the 
tensile test that is described in the Euronorm (EN 10002). To compensate for this dynamic effect, 
which also influences the stress factor, the flow stress is divided into two components according to a 
classical abstraction by Bailey and Hirsch (1960) and by Mecking and Kocks (1981): 
 = 2uruv + wxn
,  . (33) 
This classical abstraction assumes that at a given dislocation density ρ the flow stress  depends on 
strain rate and temperature (combined concept of thermal activation), but the dislocation density 
does not. The term 2uru represents the static contribution of the dislocation substructure that 
develops with deformation, while the term wxn represents the influence of thermally activated 
dislocation glide. A sound physically based description of this term is due to Krabiell and Dahl (1981): 
wxn
,  = g∗ p1 + yz∆_| }G ~~|q
T
 . (34) 
In this equation k=8.617 10-5 eV/K is Boltzmann’s constant and ∆G0=0.8 eV the maximum Gibbs free 
energy barrier. The value for g∗ is fitted to experimental results using different strain rates, 
g=108 s-1 
is a fixed maximum for the strain rate, and  is set to 2.2. This equation is used to subtract the 
influence of strain rate and temperature, in accordance with the assumptions made for the 
theoretical approach in the previous chapter. The effectiveness of this subtraction is clearly visible in 
Figure 4 as the jump in the hardening rate has been completely eliminated. 
 
Figure 4: Kocks-Mecking plot for IF-1 after correction for strain rate (solid line). Young’s modulus t 
and the initial static part of flow stress 2uru,g (derived from this plot) are indicated. 
The above procedure has also been used on two types of equibiaxial stress-strain curves for IF-1: the 
stack compression test, described by An and Vegter (2005) and the biaxial tensile test using a 
cruciform specimen, described by Kuwabara et al. (1998). The three corrected stress-strain curves 
are plotted in Figure 5 up to 0.01 (total) elongation, showing the elastic stage and beginning of 
elasto-plastic stage. 
 
Figure 5: Stress-strain curves for three tests on IF-1 at the start of deformation. Note that the 
horizontal axis shows the total strain, comprised of elastic and plastic parts. For each curve, the point 
of initial plastic flow is marked by a dot. 
In the paper by Van Liempt and Sietsma (2014) the pre-yield strain is subdivided in a linear elastic 
strain (
n =  t⁄ ) and a non-linear anelastic strain. They show that this anelastic behaviour is due 
to mechanisms in the current dislocation structure. Dislocation multiplication marks the start of 
plasticity. The corresponding points of initial flow are indicated in Figure 5 by dots. To obtain the 
plastic strain the linear elastic strain as well as the non-linear anelastic (pre-yield) strain is subtracted 
from the total strain. When this rule is applied the stress-strain curves in Figure 6 result. Note that 
the HSLA material exhibits a mild form of yield point elongation at the onset of plasticity. 
                        
   
 
Figure 6: Experimental stress-strain curves, each curve averaged for three individual experiments. 
The absolute value of the true tensile (resp. compressive) stress is plotted against the absolute value 
of the true tensile (resp. compressive) strain. 
In case of isotropic hardening the stress factor 	between equibiaxial stress and uniaxial stress for 
identical levels of plastic work, as in (2), is constant. Figure 7 shows the experimental development of 
 where the plastic work on the horizontal axis is calculated back to the equivalent strain of the 
uniaxial tensile test, i.e. the area under the uniaxial tensile test is the reference. 
   
Figure 7: Stress factor  (defined in (3)) from experimental tests, as a function of the tensile strain in 
the RD-tensile test. 
Figure 7 clearly shows the same tendency for all three materials. Equibiaxial yielding occurs at almost 
the same level as for uniaxial tension. Within the first 5 – 10% deformation the ratio develops 
towards a more or less constant level. 
3.2. Crystal plasticity predictions of the differential hardening effect 
In this section, the effect of the various multi-scale modelling approaches introduced in section 2 is 
investigated in detail for the IF-2 sheet. The macro- and microscopic hardening model frameworks 
are combined with a polycrystal homogenization model (Taylor or Alamel), in which textural 
evolution during deformation is either enabled or not. The combination of microscopic hardening 
without texture evolution is however not considered in the following analysis, meaning that a total of 
6 multi-scale model approaches will be considered. For each of these models, the hardening 
parameters are obtained by least-square fitting to the stress-strain curve of a tensile test along RD. 
Table 2 lists the sets of identified hardening parameters for the various models. More details on the 
hardening parameter identification are provided in appendix A. The adopted algorithm to realize 
stress-based loading conditions (e.g. uniaxial tension and compression), is elaborated in appendix B. 
As can be seen in Figure 8 from the uniaxial tension curves (from experiment and various models), 
the quality of the hardening parameter fit is good and very comparable for all models. The 
predictions of the 6 identified multi-scale models for ND-compressive loading cases are also given in 
Figure 8.  
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Taylor 
no 74.5 0.0429 0.280 - - - 
yes 74.3 0.0387 0.265 74.3 0.0392 0.265 
Alamel 
no 80.6 0.0399 0.280 - - - 
yes 80.4 0.0381 0.276 80.4 0.0384 0.276 
Table 2: Hardening parameters of IF-2 for various models. 
 
 Figure 8: Stress-strain curve predictions by various models compared to the experimental curves for 
IF-2. ‘tens’: RD-tensile test; ‘compr’: ND-compression test. ‘Macro’ (resp. ’Micro’): macroscopic (resp. 
microscopic) definition of strain hardening. The absolute value of the true tensile (resp. compressive) 
stress is plotted against the absolute value of the true tensile (resp. compressive) strain. 
The most striking difference in predictive quality between the various models presented in Figure 8, 
is between Taylor and Alamel. The Alamel curves are in each case closer to experiment than Taylor, 
both for macroscopic hardening (without and with texture evolution) and microscopic hardening 
(with texture evolution). This will be investigated in more detail further on. 
Considering the results for the macroscopic hardening model, it can be seen that the consideration of 
texture evolution in the multi-scale model clearly improves the model prediction for Alamel 
homogenization, while for Taylor such improvement is absent. It is known that texture prediction of 
the Alamel model is different from Taylor (usually better), although the differences are relatively 
small at the low deformation levels under consideration here (Xie et al., 2013). These results suggest 
that the Alamel homogenization scheme includes some physics relevant to stress-strain behaviour 
that is neglected by the Taylor homogenization. Comparing macro- and micro-hardening 
formulations, hardly any difference in the predicted ND-compression stress curves can be observed, 
for both the Taylor and Alamel homogenization models. Note also that the set of hardening 
parameters is very similar (cf. Table 2). It appears that the macroscopic strain hardening definition is 
a reasonable approximation of the prescription of the critical resolved shear stress as function of 
accumulated slip in a grain (microscopic strain hardening), at least regarding monotonic flow stress 
predictions. 
 
The significant difference in the hardening predictions between Taylor and Alamel observed in Figure 
8, can be partially attributed to the different initial yield loci produced by these models. Figure 9 
shows the section of the initial yield locus in which the total tensile stress along RD and TD is plotted 
along the horizontal and vertical axis, respectively. The yield point at RD-uniaxial tension is used as 
reference for normalization. The yield point for ND-compression is not present in this section 
directly. It can however be represented by the equibiaxial yield point, given that both stress states 
differ only in hydrostatic stress, while the plasticity models are insensitive to the hydrostatic stress 
(incompressible plasticity). It can be seen that the Alamel yield locus is significantly larger in the 
biaxial straining region of stress space compared to Taylor. So it can be concluded that the larger 
difference between compression and tensile curves in Figure 8 for Alamel compared to Taylor, can be 
partly attributed to the initial yield locus shape. 
 
 Figure 9: Initial IF-2 yield loci section (normalized by the RD uniaxial yield stress) for Taylor and 
Alamel. Horizontal axis: tensile stress along RD-direction; vertical axis: tensile stress along TD-
direction. The ordinates of equibiaxial yield points are printed in grey. The initial yield loci are 
independent of the assumed hardening model. 
 
Normalized initial yield loci are unaffected by the hardening model framework. So the differences in 
yield loci in Figure 9 must be a direct consequence of the different homogenization assumptions 
between Alamel and Taylor. The nearest-neighbour grain interaction considered by Alamel (and 
absent in the Taylor model), introduces a strain rate heterogeneity across the polycrystal at each 
stage of deformation. The degree of strain rate heterogeneity is reflected by the quantity ` that has 
been introduced in equation (20). Figure 10 presents the evolution of κ for compression and tensile 
predictions of the Alamel model (with either macro- or micro- strain hardening). 
 
Figure 10: The strain rate heterogeneity across the polycrystal κ (defined in (20)) in macro- and 
micro-Alamel models for IF-2, as a function of the absolute value of the true tensile/compression 
strain. ‘tens’: RD-tensile test; ‘compr’: ND-compression test. The Taylor model does not consider 
strain rate heterogeneity, therefore for Taylor κ=0. 
It can be seen from Figure 10 that strain rate heterogeneity is not much influenced by the hardening 
framework (macro or micro). It depends however significantly on the loading. This difference can be 
attributed to the texture. Recalling that this IF-2 has a strong γ-fibre texture, i.e. many crystals have 
{111} planes closely aligned with the sheet plane, the grain-to-grain interaction is seen to be notably 
different for a uniaxial in-plane loading (tens) than for a uniaxial loading perpendicular to the sheet 
plane (compr). The relatively low strain rate heterogeneity for compressive loading (compared to 
tension, cf. Figure 10) means that the Alamel solution of crystallographic slip resembles more closely 
the Taylor solution, and so also the plastic work dissipation will be more comparable between both 
models. On the other hand, the uniaxial tension (tens) features significantly more strain rate 
heterogeneity, so the plastic work according to Alamel will be significantly lower than for Taylor 
(work dissipation of Taylor is an upper bound to the work dissipation of Alamel; cf. eq. (14) in 
comparison to eq. (18)). The reduced plastic work for Alamel translates into a lower flow stress of 
tensile loading (with respect to compression). Since the tensile loading is used to fit the hardening 
parameters, the net result is a relative increase in prediction for ND-compression, as is indeed 
observed in Figure 8. 
For IF-2, Figure 11 compares the evolution of the stress factor , defined in (3), from all these models 
with the experiment. Note that the initial stress factor (undeformed state, i.e.  = 0), is directly 
related to the initial yield locus (cf. grey numbers in Figure 9).  
In the absence of texture evolution,  remains constant with straining, reflecting a purely isotropic 
hardening model without a distortional hardening component. The Alamel predictions with texture 
evolution show a steady increase of the stress factor  during deformation, as is also observed 
experimentally. However, the drastic increase in  that is experimentally observed for smaller strains 
(0<
<0.05), is not captured by any of the model predictions. 
 
Figure 11: Stress factor  (defined in (3) from experimental tests (solid line) and various models 
(symbols) for IF-2, as a function of the tensile strain in the RD-tensile test. 
 
3.3. Differential hardening effect for steels with different texture 
 
This section adopts the micro-Alamel model with texture evolution (i.e. the best multi-scale model of 
previous section together with macro-Alamel model). The three materials described in section 3.1.1 
will be investigated. Again, the hardening parameters are obtained by least-square fitting to the 
stress-strain curve of a uniaxial tensile test along RD (see Appendices A-B for details on the 
procedure). Table 3 provides the sets of identified hardening parameters. 
Figure 12 presents for this multi-scale model the stress-strain curves of the uniaxial tension 
identification test, and in addition the predictions for ND-compressive loading. The results are 
reasonably satisfying. IF-1 and IF-2 both have a relatively sharp texture (high texture index). The 
significant differential hardening is captured very well for IF-2, yet for IF-1 the ND-compressive 
loading stress is still under predicted to some extent. Possible reasons for this discrepancy are 
mentioned in the discussion section that follows. Note that the considerably higher flow stresses of 
IF-2 compared to IF-1 are automatically taken into account by the hardening law identification 
procedure. Predictions for the HSLA steel, with small differential hardening effect, are also clearly 
captured in the modelling approach. It is reasonable to assume that it is primarily the texture input to 
the multi-scale model (in this case a weak texture) which lies at the origin of the small differential 
hardening prediction, in close correspondence to experiment. 
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IF-1 42.1 0.0092 0.271 
IF-2 80.4 0.0384 0.276 
HSLA 117.9 0.0337 0.185 
Table 3: Micro-Alamel hardening parameters of the 3 grades. 
 
 Figure 12: Stress-strain curve predictions by micro-Alamel model compared to the experimental 
curves. ‘tens’: RD-tensile test; ‘compr’: ND-compression test. The absolute value of the true tensile 
(resp. compressive) stress is plotted against the absolute value of the true tensile (resp. compressive) 
strain. 
 
A final model validation is made in terms of the stress factor  defined by (3) and presented in Figure 
13. The model predicts a gradual increase in stress factor that corresponds roughly to the 
experimental trend at the higher end of strain levels. Also the material trend in magnitude of  in the 
higher strain regime (
>0.05) corresponds between experiment and prediction, i.e. for IF-1 it is the 
highest, for IF-2 intermediate, and for HSLA it is the lowest. However, the sharp increase in  that is 
experimentally found for IF-1 and IF-2 in the smaller strain regime (0<
<0.05), is not reproduced by 
the multi-scale modelling approach. 
 
 Figure 13: Stress factor  (defined in (3) from experimental tests (solid lines) and micro-Alamel 
model (dashed lines), as a function of the tensile strain in the RD-tensile test. 
 
4. Discussion 
Of all crystal plasticity models studied in this work, the most accurate  predictions of differential 
hardening was obtained with the grain-interaction Alamel model featuring texture evolution. 
Regarding the description of strain hardening, a basic assumption has been that the CRSS of all slip 
systems within any grain are equal to one another. Hardening has been either described on the 
microscopic scale (i.e. the CRSS is a function of the accumulated slip within that grain), or 
alternatively, a flow stress has been prescribed directly on the macroscopic scale, i.e. as a function of 
the homogenized accumulated slip of the polycrystal. The first option (microscopic strain hardening) 
reflects more directly the physical process of strain hardening through dislocation multiplication, 
whereas the second choice (macroscopic strain hardening definition) has been shown to be a very 
good approximation in terms of differential hardening prediction.  
Macroscopic flow stress predictions of this kind of crystal plasticity model approach are remarkably 
accurate (especially for IF-2 and HSLA), in particular when considering the limited input that is 
required per material, i.e. the initial texture and the 3 hardening parameters of the adopted Swift 
law. The hardening parameters are identified in a straightforward manner by fitting to a single 
macroscopic stress-strain curve, in casu the uniaxial tension along RD. The accuracy of the obtained 
results is also remarkable because the Alamel crystal plasticity model has not been developed for the 
present application of differential hardening, but rather for the prediction of deformation texture, 
which is not very sensitive to the assumed strain hardening model (Van Houtte et al., 2005).  
It is obvious from Figure 8 and Figure 11 that the deformation relaxation assumption in statistical 
crystal plasticity models is essential for accurate hardening predictions. The Alamel model, which 
accounts to a certain degree for strain heterogeneity, is much more accurate than the iso-strain 
Taylor model. It is believed that the discrepancy between experimental and predicted stress may be 
further reduced by refining the crystal plasticity modelling:  full field crystal plasticity simulations can 
potentially give additional accuracy, as strain heterogeneity may be more realistically incorporated. 
For instance, intra-granular strain heterogeneities and long-range grain interactions are neglected in 
Alamel but may be readily incorporated in full field crystal plasticity simulations. 
Another opportunity for model improvement is to take the development of anisotropic dislocation 
substructures in account. For γ-fibred, low-carbon steel sheet it has been observed in TEM 
micrographs that the substructural development depends on the loading condition (Fernandes and 
Schmitt, 1983). Notably between in-plane uniaxial and equibiaxial loading conditions, the 
substructure as observable in the sheet plane section, appears very different: planar cell block 
boundaries (also called dense dislocation sheets or geometrically necessary boundaries (GNBs)) 
oriented along the mostly slipped planes are seen in uniaxial tension, while under equibiaxial tension 
cell boundaries without any apparent preferred orientation are the dominant feature of the 
observed substructure. In particular the build-up of GNBs from the onset of plastic deformation leads 
to increasingly intragranular heterogeneity of lattice orientation and associated slip, which has a 
notable effect on the flow stress (Hansen and Juul Jensen, 2011). Single-crystal plasticity experiments 
also indicate that the development of equiaxed substructure is accompanied with (a) a relative high 
slip activity on {112} planes in comparison with {110} planes and (b) a high initial strain hardening 
rate (Uenishi et al., 2009). These observations are linked in this study to the differential hardening 
observed between equibiaxial and uniaxial tension for γ-fibred polycrystalline IF steel. Refinement in 
crystal plasticity modelling that takes substructural features into account can therefore potentially 
lead to increased accuracy in flow stress predictions. It is hypothesized that the origin of current 
under prediction of the biaxial stress for IF-1 (cf. Figure 12) could lay in particular substructural 
developments of this alloy. Further experimental investigation is needed to study this further.   
The addition of texture evolution in the Alamel model results in the prediction of differential 
hardening as a process of gradual change, typically observed at higher deformation. The remarkable 
steep increase of the stress factor between equibiaxial and uniaxial tension in the first few percent of 
deformation is not explained by the current crystal plasticity simulations, cf. Figure 13. A possible 
explanation can be found in the absence of elastic deformation in the crystal plasticity models. The 
entire polycrystal is assumed to be plastically deforming and the flow stress is established as a 
volume-average. The active slip systems, and thereby the contribution of the individual grains to the 
flow stress, are determined by the grain orientation. Initially all grains start with the same critical 
resolved shear stress and the initial flow stress therefore depends on the texture of the undeformed 
sheet and the strain distribution (strain heterogeneity). The strain distribution is texture and load 
case dependent. This reasoning assumes that there is one initial point (at zero plastic strain) where 
the stress exceeds the critical resolved shear stress on all slip systems. Van Liempt and Sietsma 
(2014) have developed an alternative reasoning: yielding is identified as the transition in dislocation 
behaviour from non-linear elasticity and reversible glide (without essential changes in the dislocation 
structure) to dislocation multiplication in the post-yield stage. The transition can be observed in a 
Kocks-Mecking plot, as is also shown in this paper. Pre-yield deformation is the combination of the 
elastic deformation of the crystal lattice and reversible dislocation glide. Due to the (strong) 
anisotropic elasticity at the crystal orientation level, strain discontinuities will develop at the grain 
boundaries. These strain discontinuities are the result of misorientations between neighbouring 
grains and they cause grain boundary stresses. When the pre-yield stress, including the grain 
boundary stress contribution, exceeds the stress at which Frank Read sources become activated, the 
dislocation structure starts to change and yielding occurs. This alternative argumentation starts from 
inter-grain misorientations. These misorientations may be more isotropic than the texture is, and 
consequently yielding in equibiaxial stress should be almost equal to yielding in uniaxial tension, as is 
indeed observed experimentally (Figure 6). This hypothesis can in principle be investigated with 
detailed full field elasto-plastic crystal plasticity simulations. Additionally, the effect of elastic 
deformation on the stress factor during the first few percent of deformation can be assessed. 
5. Conclusions 
From this study the following conclusions are drawn: 
• Strain heterogeneity on the grain length scale plays a key role in the accurate prediction of 
hardening for textured, single-phase steels. The Alamel multi-scale homogenization model 
captures loading-dependent strain heterogeneities, enabling superior prediction of strain 
hardening compared to the iso-strain Taylor homogenization scheme. 
• Texture development, which is obviously loading-dependent, plays an essential role in the 
prediction of differential hardening. It was found that for textured materials the strain 
heterogeneity is also loading-dependent and that it strengthens the differential hardening 
effect. In the macroscopic yield criterion, texture development has an impact on the yield 
function, i.e. texture evolution changes the yield locus shape. 
• Prescribing the strain hardening through evolution of the critical resolved shear stress (CRSS) 
in the individual grains as a function of accumulated slip (termed microscopic hardening), 
leads to very similar stress predictions compared to directly defining a macroscopic flow 
stress that depends on the homogenized accumulated slip. In principle, the microscopic 
hardening assumption results in a loading-dependent flow stress in the macroscopic yield 
criterion. 
• The Alamel model predicts more pronounced differential hardening for steel with stronger 
γ–fibre texture. This trend is in accordance with experimental observations. 
• Possible reasons for the remaining discrepancy between prediction and observation of work 
hardening and differential hardening behaviour are included in the discussion; promising 
future developments include the consideration of loading-dependent evolution of grain 
substructure, as well as the incorporation of anisotropic crystal elasticity in full-field crystal 
plasticity models. 
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Appendix A: Procedure for calibration and stress-strain prediction 
A.1. Macroscopic strain hardening definition 
For the macroscopic definition of strain hardening (section 2.3.1), specific stress-strain relations can 
be derived from (28) for different monotonic loading cases. In this paper in-plane uniaxial tension 
and ND-compression are considered: 
 
Uniaxial tension: Let [[ be the tensile stress in a uniaxial tensile test with tensile direction 1 
(at angle  to the RD) and in-plane transverse direction 2. The instantaneous anisotropic flow is 
expressed through the q-value:  = −]] [[⁄ . Equation (28) reduces to the following stress-strain 
relation: 
[[ = 2 3⁄ 1 + ] + 1 − ]		ER	Lr (A.1) 
 
ND compression: For ND compression loading, anisotropic flow is described by the equibiaxial 
q-value  = −X j⁄ , in which X  and j are the normal strain mode components along the 
RD and TD, respectively. In absolute value, the ND compressive stress  is then given by 
|| = 2 3⁄ 1 + ] + 1 − ]		ER	Lr (A.2) 
It is reminded that ER  in (A.1)-(A.2) depends on the instantaneous strain mode and instantaneous 
state of material – cf. (15) and (19) for Taylor and Alamel, respectively. 
For the macroscopic hardening law (27), the procedure for strain hardening parameter identification 
and consecutive stress-strain predictions comprises three stages: 
(i) Polycrystalline plasticity simulation without strain hardening 
The equivalent stress Lr of the polycrystal equals the CRSS that (by assumption) is identical 
for each constituting grain in any deformation stage. Therefore, the strain hardening is 
introduced conceptually at the macroscopic (homogenized) scale, and the polycrystalline 
plasticity model (FC Taylor or Alamel) is completely independent of strain hardening. This is 
realized in practice by setting the CRSS to unity for (i) all grains and (ii) all levels of 
deformation. If the (macro) level of deformation is represented by the von Mises equivalent 
strain 
KL = JKLe, the polycrystalline plasticity model produces for any strain- or stress-
based loading (including those of (A.1)-(A.2)) the following quantities independently from the 
hardening law (27): 
• The volume-averaged slip rate ;C
KL 
• The (volume-) averaged Taylor factor ER
KL 
• The macroscopic (or volume-averaged) strain mode Q
KL 
For a stress-based loading such as uniaxial tension and ND-compression, the strain 
mode will evolve as a result of texture evolution. Consequently, also the q-value (  in 
(A.1);   in (A.2)) is a function of 
KL. The evolution in q-value is one of the results 
produced by the algorithm for stress-defined deformation paths described in Appendix 
B. 
Note that the dependency of all 3 above quantities on the deformation level (described by 

KL) is the direct result of change of material state during deformation. Neglecting changes in 
the material state, including any texture evolution, is thus equivalent to using the respective 
quantities at the onset of yielding (subscript ‘0’) for all strain levels, i.e. ;Cg, ERg and Q$.  
 
(ii) Identification of the parameters g, ;Cg and k of (27) through stress-strain curve fitting 
The stress in uniaxial tension test along RD is given by (A.1) and (27), in which the accumulated 
volume-average slip ;C is found through integration: ;C
KL = ;C
KL
KL. The only 
unknowns in this equation are thus the 3 hardening parameters, which are obtained through 
curve fitting with the experimental stress-strain curve.  
 
(iii) The hardening law with identified parameters can afterwards be applied to the prediction of 
other loading cases, in casu uniaxial ND-compression (cf. (A.2)).  
 
A.2. Microscopic strain hardening definition 
For the microscopic strain hardening definition of section 2.3.2, the procedure is more 
straightforward, comprising firstly an identification step, followed by prediction of stress-strain 
curve(s): 
(i) Identification of the parameters 9:g, 9:2ru  and  of (30) through stress-strain curve fitting 
The uniaxial tension stress is given in (A.1) together with (30), in which the accumulated 
volume-average slip ;C is found through integration: ;C
KL = ;C
KL
KL. The only 
unknowns in this equation are thus the 3 hardening parameters, which are obtained through 
curve fitting with the experimental stress-strain curve. An essential difference with procedure 
A.1 is that texture evolution must be evaluated for every parameter set, while for the 
macroscopic hardening approach, the evaluation is effectively independent of the parameter 
set.  
 
(ii) Secondly, the hardening law with identified parameters is applied to the prediction of other 
loadings, in casu uniaxial ND-compression.  
 
 
  
Appendix B: Algorithm for stress-defined deformation paths 
This appendix presents an iterative procedure that allows one to analyse deformation paths defined 
by stress modes, even though a strain-rate driven crystal plasticity model is used. The crystal 
plasticity model is assumed to contain necessary microstructural state variables, such as texture and 
substructure. The model is then considered as a black-box implementing a purely plastic rate-
insensitive material model. It must allow evaluating the homogenized macroscopic stress  as a 
response to the macroscopic strain rate @, while keeping the state variables unmodified. An update 
of the state variables can be independently requested from the black-box. 
The procedure exploits a transformation that allows converting rank-two tensor quantities of 
deviatoric nature into five-dimensional vectors. Detailed description of the transformation can be 
found in (Van Houtte and Van Bael, 2004). As a matter of convention, capital boldface letters (e.g. ) 
denote second-order deviatoric tensors and lowercase boldface letters (e.g. %) stand for the 
corresponding vectors. There are two main reasons for preferring the five-dimensional vector 
representation over the direct tensor representation. Primarily, the conversion allows one to reduce 
dimensionality of the search space, since the constraint tr = 0	 is automatically satisfied by the 
five-dimensional vector representation. This becomes of importance since the algorithm presented in 
this appendix calculates all derivatives numerically. Therefore, the reduction in the space 
dimensionality allows decreasing the number of calls to the crystal plasticity model. Secondly, the 
underlying crystal plasticity model neglects elastic components of stress and strain rate, thus the 
homogenized stress is inherently deviatoric and the corresponding macroscopic strain rate has to 
satisfy volumetric incompressibility condition. 
The fundamental part of the algorithm is to find the macroscopic plastic strain rate mode ∗ that 
corresponds to the imposed deviatoric stress mode .∗, where 
and 	is the deviatoric part of a stress tensor defining the requested deformation path. This is 
achieved by solving an unconstrained optimization problem, in which the square norm of the vector-
valued residual function  
 = .∗ − ‖‖  
(B.2) 
is minimized. The evaluation of the residual function involves a call to the underlying crystal plasticity 
to calculate homogenized stress . The search starts from an initial guess g, typically chosen as g = .∗, which corresponds to the property of an isotropic von Mises plastic material. From a 
current point w , the algorithm iteratively uses the trust-region approach (Conn et al, 2000): 
min∈X‖w + wn − w‖ 	subject	to	‖n − w‖ ≤ Δ (B.3) 
to find a new guess n = w + Δ that satisfies 
min£∈X‖zΔ + ‖ (B.4) 
where Δ is the trial step, Δ is the size of the trial step and  is Jacobian matrix of the function . The 
search is terminated once any of the following criteria is fulfilled: (1) ‖n‖ is smaller than a pre-
. ≝ 	‖‖ =

√:  
(B.1) 
defined threshold =u, or (2) ‖Δ‖ is smaller than pre-defined minimal step size, or (3) the number of 
iterations exceeds its maximal value. 
The evolution of the material state under the stress mode .∗ can be calculated by means of 
Algorithm 1, which employs the search procedure outlined above. In principle, the algorithm splits 
the deformation path into smaller increments of strain for which the stress mode .∗ is active, given 
the microstructural state of the material. Eventually the procedure returns a sequence of triplets 
Δ¤, Q∗, . Non-essential operations, such as reporting the history of microstructural state 
variables, are omitted for clarity. 
 
Algorithm 1. Evolution of microstructural state variables subjected to the stress mode .∗, calculated 
incrementally up to the norm of strain εTr¦. The size of increments is specified by the input 
parameter Δ
. The parameter =u controls the convergence of the iterative search for ∗. The 
procedure returns a sequence of triplets Δ¤, Q∗, . 
 
 
 
  
Inputs: .∗, εTr¦, Δ
 , =u 
Returns: A 
1. Set ¤uur ← 0 
2. Set A empty. 
3. Find plastic strain rate Q∗ that corresponds to the superimposed .∗: 
a. 	∗ = argmin∈X‖‖ 	given	initial	guess	g = .∗ 
b. If ‖‖ > =u  go to Step 10. 
4. Convert ∗ into Q∗ 
5. Calculate strain increment Δ­ =Δ
Q∗ 
6. Update state variables of the crystal plasticity model by applying Δ­ and calculate 
corresponding	. 
7. Append Δ¤, Q∗,  to the sequence A 
8. Set ¤uur ← ¤uur + Δ­ 
9. If ||¤uur|| ≤ εTr¦ go to Step 3. 
10. Stop 
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